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DIFFEOMORPHISM GROUPS OF NON-COMPACT MANIFOLDS
ENDOWED WITH THE WHITNEY C∞-TOPOLOGY
TARAS BANAKH AND TATSUHIKO YAGASAKI
Abstract. Suppose M is a non-compact connected n-manifold without boundary, D(M) is the group of C∞-
diffeomorphisms of M endowed with the Whitney C∞-topology and D0(M) is the identity connected component
of D(M), which is an open subgroup in the group Dc(M) ⊂ D(M) of compactly supported diffeomorphisms of
M . It is shown that D0(M) is homeomorphic to N ×R∞ for an l2-manifold N whose topological type is uniquely
determined by the homotopy type of D0(M). For instance, D0(M) is homeomorphic to l2 × R∞ if n = 1, 2 or
n = 3 and M is orientable and irreducible. We also show that for any compact connected n-manifold N with
non-empty boundary ∂N the group D0(N \ ∂N) is homeomorphic to D0(N ; ∂N)× R∞, where D0(N ; ∂N) is the
identity component of the group D(N ; ∂N) of diffeomorphisms of N that do not move points of the boundary
∂N .
1. Introduction
In this paper we continue the study of the topological structure of diffeomorphism groups of non-compact
smooth manifolds endowed with the Whitney C∞-topology, started in [2]. Suppose M is a σ-compact smooth
n-manifold without boundary. Let D(M) denote the group of diffeomorphisms of M endowed with the Whitney
C∞-topology (called the very-strong C∞-topology in [15]) and D0(M) be the identity connected component
of D(M). The group D(M) includes the normal subgroup Dc(M) consisting of diffeomorphisms with compact
support.
In [2, Theorem 4, Theorem 6.8] we have shown that Dc(M) is a paracompact (l2 ×R∞)-manifold and D0(M)
is an open subgroup of Dc(M), while D(M) itself is locally homeomorphic to the box product i∈ωl2. Here l2 is
the separable Hilbert space and R∞ is the direct limit of the sequence (Rn)n∈ω , where Rn is identified with the
hyperspace Rn × {0} in Rn+1.
In a series of papers [4, 5, 6] T. Banakh and D. Repovsˇ studied topological properties of direct limits in the
category of uniform spaces. These results were applied in [1] to yield a simple criterion for recognizing topological
groups homeomorphic to open subspaces of l2 × R∞ (see Theorem 2 in Section 2). In this paper we apply this
criterion to obtain the following important conclusion on the group Dc(M).
Theorem 1. For any non-compact σ-compact smooth n-manifold M without boundary the group Dc(M) is
homeomorphic to an open subspace of l2 × R∞.
In [20] K. Mine and K. Sakai proved Triangulation Theorem for open subsets of l2 × R∞ (see Theorem 3 in
Section 2): any open subset U of l2×R∞ is homeomorphic to N ×R∞ for some l2-manifold N whose topological
type is uniquely determined by the homotopy type of U . Combining this result with Theorem 1, we obtain:
Corollary 1. The group D0(M) is homeomorphic to N × R∞ for some l2-manifold N whose topological type
is uniquely determined by the homotopy type of D0(M). In particular, if D0(M) is homotopy equivalent to an
l2-manifold N , then D0(M) is homeomorphic to N × R∞.
In some specific cases we can detect the homotopy and topological types of D0(M). Below the symbol ≈
denotes the topological equivalence.
Corollary 2. Let M be a non-compact connected smooth n-manifold without boundary.
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(1) If 1 ≤ n ≤ 2, then D0(M) ≈ l2 × R∞.
(2) If n = 3 and the manifold M is orientable and irreducible (i.e., any smooth 2-sphere in M bounds a 3-ball
in M), then D0(M) ≈ l2 × R∞.
(3) If M is diffeomorphic to the interior N \∂N of a compact connected smooth n-manifold N with boundary,
then D0(M) ≈ D0(N, ∂N)× R∞. In particular, D0(M) ≈ l2 × R∞ if D0(N ; ∂N) is contractible.
In this corollary D0(N ; ∂N) stands for the identity connected component of the group D(N ; ∂N) of diffeo-
morphisms of N that do not move points of the boundary ∂N . Because of the compactness of the manifold
N , the Whitney C∞-topology on D(N ; ∂N) is metrizable and coincides with the compact-open C∞-topology.
Corollary 2 implies, for instance, that D0(M) ≈ l2 × R∞ if M is the 3-dimensional Euclidean space R3 or the
Whitehead contractible 3-manifold [14].
The authors hope that the results in [2] and in this paper will clarify ambiguity in literatures on the Whitney
C∞-topology on diffeomorphism groups of non-compact manifolds.
2. Open subspaces of LF-spaces
The study of the topological structure of topological groups has a long history (cf. [1]). Topological groups
locally homeomorphic to the separable Hilbert space l2 were characterized by Dobrowolski and Torun´czyk [8]; A
topological group G is a separable (finite or infinite dimensional) Hilbert manifold if and only if G is a Polish
ANR. Here, a Polish space means a separable completely metrizable space and an ANR means an absolute
neighborhood retract for metric spaces. In this paper every (finite or infinite dimensional) manifold is assumed
to be paracompact.
In this preliminary section we recall a criterion for recognizing topological groups homeomorphic to open
subsets of the separable non-metrizable LF-space l2 × R∞. First we recall some necessary definitions.
Suppose G is a topological group with the neutral element e. A tower of subgroups of G means a sequence
(Gn)n∈ω of subgroups of G such that
G0 ⊂ G1 ⊂ G2 ⊂ · · · and G =
⋃
n∈ω
Gn.
Following [1], we say that G carries the strong topology with respect to the tower (Gn)n∈ω if for any neighborhood
Un of the neutral element e in Gn, n ∈ ω, the group product
−→∏
n∈ω
Un =
⋃
n∈ω
U0U1 · · ·Un
is a neighborhood of e in G. In this case the topology of G coincides with the topology of the direct limit
g-lim
−→
Gn of the tower (Gn)n∈ω in the category of topological groups, which means that G carries the strongest
group topology such that the inclusion maps Gn → G, n ∈ ω, are continuous.
A subgroup H of a topological group G is called locally topologically complemented (LTC) in G if H is closed
in G and the quotient map q : G→ G/H = {xH : x ∈ G} is a locally trivial bundle. This condition is equivalent
to saying that q has a local section at some point of G/H . Here, a local section of a map q : X → Y at a point
y ∈ Y means a continuous map s : U → X defined on a neighborhood U of y in Y such that q ◦ s = idU .
A closed subset A of a topological space X is called a (strong) Z-set in X if for any open cover U of X there
is a continuous map f : X → X such that f is U-near to the identity idX : X → X and (the closure of) the set
f(X) does not intersect A. A point x of X is called a (strong) Z-point if the singleton {x} is a (strong) Z-set in
X . Every point in an infinite-dimensional Hilbert manifold is a strong Z-point.
The following criterion is obtained in [1, Theorem 1.6].
Theorem 2 (Banakh-Mine-Repovsˇ-Sakai-Yagasaki). A non-metrizable topological group G is homeomorphic to
an open subset of R∞ or l2 × R∞ if G carries the strong topology with respect to a tower (Gn)n∈ω of closed
subgroups of G such that for each n ∈ ω (i) Gn is a separable Hilbert manifold, (ii) Gn is LTC in Gn+1 and (iii)
each Z-point of the quotient space Gn+1/Gn is a strong Z-point.
Open subspaces of l2 × R∞ were studied in [20] and the following Triangulation Theorem was obtained.
3Theorem 3 (Mine-Sakai). (1) Each open subspace X of l2 × R∞ is homeomorphic to the product K × l2 × R∞
for a locally finite simplicial complex K.
(2) Two open subspaces of l2 × R∞ are homeomorphic if and only if they are homotopically equivalent.
Note that the product N = K × l2 is an l2-manifold and its topological type is determined by its homotopy
type.
In the next section we apply Theorem 2 to the diffeomorphism groups of non-compact manifolds. To check
the conditions imposed in this criterion we need some results on small box products. For a sequence of pointed
spaces (Xi, ∗i), i ∈ ω, the box product i∈ωXi is the Cartesian product of Xi, i ∈ ω, endowed with the box
topology. This topology is generated by the base consisting of boxes i∈ωUi, where Ui is an open set of Xi. The
small box product ⊡i∈ωXi is the subspace of i∈ωXi defined by
⊡i∈ωXi =
{
(xi)i∈ω ∈ i∈ωXi : ∃ k ∈ ω ∀ i ≥ k, xi = ∗i
}
.
The subspace topology on ⊡i∈ωXi is generated by the base consisting of small boxes ⊡i∈ωUi, where Ui is an
open set of Xi. It is known that ⊡i∈ωR ≈ R∞ and ⊡i∈ωl2 ≈ l2 × R∞, and in [2, Theorem 4] we have shown
that for a non-compact σ-compact smooth n-manifold M without boundary, the pair (D(M),Dc(M)) is locally
homeomorphic to the pair (i∈ωl2,⊡i∈ωl2) at idM .
Suppose G is a topological group with the neutral element e and (Gn)n∈ω is a tower of subgroups of G. This
tower induces the small box product ⊡i∈ωGi and the left multiplication map
p : ⊡i∈ωGi → G, p(x0, . . . , xk, e, e, . . . ) = x0 · x1 · · ·xk
The map p is continuous ([2, Lemma 2.10]), and the group G carries the strong topology with respect to the
tower (Gn)n∈ω if and only if the map p is open at (e)i∈ω ∈ ⊡i∈ωGi.
Remark 1. If the map p has a local section s at the neutral element e ∈ G, then
(i) for any x ∈ G and any x ∈ p−1(x) one can modify the local section s to obtain a local section σ of p at
x with σ(x) = x and hence
(ii) the map p is open, which implies that G carries the strong topology with respect to the tower (Gn)n∈ω.
We close this section with some remarks on LTC subgroups.
Lemma 1. Suppose G is a topological group and K ⊂ H are closed subgroups of G.
(1) If G is metrizable, then so is the quotient space G/H.
(2) If K is LTC in H and H is LTC in G, then K is LTC in G.
(3) If H is LTC in G, then the map pi : G/K → G/H, pi(gK) = gH, is a locally trivial bundle with the fiber
H/K.
Proof. (1) The group G, being metrizable, admits a right invariant metric d generating the topology of G. Then
the topology of the quotient space G/H is generated by the metric ρ defined by
ρ(xH, yH) = inf{d(a, b) : a ∈ xH, b ∈ yH} for xH, yH ∈ G/H.
(2) By the assumption, the projection G→ G/H has a local section σ : (W, e)→ (G, e) at e ∈ G/H and the
projection H → H/K also has a local section τ : U → H at e ∈ H/K. Consider the projection pi : G/K → G/H .
The map σ determines the map σ0 : pi
−1(W ) → H/K, σ0(x) = σ(pi(x))−1x. Since σ0(e) = e ∈ U , there exists
an open neighborhood V of e in pi−1(W ) such that σ0(V ) ⊂ U . The required local section s : V → G for the
projection G→ G/K is defined by s(x) = σ(pi(x))τ(σ0(x)).
(3) The projection G → G/H has a local section σ : W → G at any point x0 ∈ G/H . The associated
trivialization φ : W ×H/K ≈ pi−1(W ) is defined by φ(x, y) = σ(x)y. 
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3. Spaces of embeddings and Bundle Theorem
Suppose M is a smooth n-manifold without boundary. The diffeomorphism group D(M) is endowed with the
Whitney C∞-topology and any subset K of M induces a closed subgroup D(M ;K) = {h ∈ D(M) : h|K = idK}.
Let D0(M,K) denote the identity connected components of D(M,K).
For a smooth submanifold L of M and a subset K of L let EK(L,M) denote the space of C∞-embeddings
f : L → M with f |K = idK . This space and its subspaces are endowed with the compact-open C∞-topology.
There is a natural restriction map
r : D(M ;K)→ EK(L,M), r(h) = h|L.
Let E⋆K(L,M) denote the image of r, i.e., Im r = {h|L : h ∈ D(M,K)}. This is the subspace of EK(L,M)
consisting of extendable C∞-embeddings. Note that the group D(M,K) acts continuously on EK(L,M) by the
left composition and under this action the map r is the orbit map at the inclusion iL : L ⊂ M and E⋆K(L,M) is
the orbit of iL. Let EK(L,M)0 denote the connected component of the inclusion iL in EK(L,M). Then the map
r induces the restriction map
r0 : D0(M ;K)→ EK(L,M)0, r0(h) = h|L.
The followings are the classical bundle theorem in codimension 0 and its complements (cf. [7], [10] [21], [23]).
Below we impose the following condition on M and K ⊂ L.
Assumption. We assume that M is a σ-compact smooth n-manifold without boundary and K ⊂ L are smooth
n-submanifolds of M such that K,L are closed subsets of M , K ⊂ IntL and clM (L \K) is compact.
Theorem 4. For any closed subset C of M with C ∩L = ∅ there exists a neighborhood U of the inclusion iL in
EK(L,M) and a map s : U → D0(M ;K ∪ C) ⊂ D(M,K) such that s(iL) = idM and s(g)|L = g for g ∈ U .
The map s is exactly a local section of the restriction map r : D(M,K)→ EK(L,M) at iL.
Remark 2. In some literatures, the group D0(M ;K ∪ C) is endowed with the compact-open C∞-topology.
However, since clM (L \K) is compact, we can enlarge C so that clM (M − (K ∪C)) is compact. In this case the
Whitney C∞-topology on the group D0(M ;K ∪ C) coincides with the compact-open C∞-topology.
Theorem 4 extends to the following form.
Corollary 3. For any f ∈ EK(L,M) there exist an open neighborhood Vf of f in EK(L,M) and a map
ηf : Vf → D0(M,K)
such that ηf (f) = idM and ηf (g)f = g for g ∈ Vf . Furthermore, the following holds:
(i) If Vf ∩ E⋆K(L,M) 6= ∅, then Vf ⊂ E
⋆
K(L,M) and the map r has a section on Vf . Hence, for any
f ∈ E⋆K(L,M) the map r has a local section at f .
(ii) If Vf ∩ Im r0 6= ∅, then Vf ⊂ Im r0 and the map r0 has a section on Vf . Hence, for any f ∈ Im r0 the
map r0 has a local section at f .
Corollary 4. (1) (i) E⋆K(L,M) is a clopen subset of EK(L,M). (ii) Im r0 = EK(L,M)0.
(2) (i) The map r : D(M,K)→ E⋆K(L,M) is a topological principal bundle with structure group D(M,L).
(ii) The map r0 : D0(M,K)→ EK(L,M)0 is a topological principal bundle with structure group D(M,L)∩
D0(M,K).
(3) (i) D(M,L) is LTC in D(M,K) and D(M,K)/D(M,L) ≈ E⋆K(L,M).
(ii) D(M,L) ∩ D0(M,K) is LTC in D0(M,K) and D0(M,K)
/(
D(M,L) ∩ D0(M,K)
)
≈ EK(L,M)0.
The next theorem is also a classical one (cf. [19]).
Theorem 5. If L \K 6= ∅, then the spaces D(M,K ∪ (M \L)) and EK(L,M) are infinite-dimensional separable
Fre´chet manifolds and hence they are topological l2-manifolds.
5Since D0(M,K ∪ (M \L)) and E⋆K(L,M), EK(L,M)0 are open subspaces of D(M,K ∪ (M \L)) and EK(L,M)
respectively, they are also infinite-dimensional separable Fre´chet manifolds and hence are topological l2-manifolds.
For the sake of completeness we include a sketch of the proofs of Corollaries 3 and 4.
Proof of Corollary 3. We apply Theorem 4 to the pair K ⊂ f(L) so to obtain an open neighborhood V of
if(L) in EK(f(L),M) and a map s
′ : V → D0(M,K) such that s′(if(L)) = idM and s
′(g′)|f(L) = g
′ for g′ ∈ V .
The diffeomorphism f : L ∼= f(L) induces the homeomorphism f∗ : EK(f(L),M) ≈ EK(L,M). Then Vf = f∗(V)
is a neighborhood of f∗(if(L)) = f in EK(L,M) and the required map ηf : Vf → D0(M,K) is defined by
ηf (g) = s
′(gf−1) for g ∈ Vf .
The additional statements are verified as follows: (i) If Vf ∩ E
⋆
K(L,M) 6= ∅, then we can find f
′ ∈ Vf ∩
E⋆K(L,M) and h ∈ D(M,K) with h|L = f
′. The desired section sf : Vf → D(M,K) of r is defined by
sf (g) = ηf (g)(ηf (f
′))−1h for g ∈ Vf . (ii) If Vf ∩ Im r0 6= ∅, then we can find f ′ ∈ Vf ∩ Im r0 and h ∈ D0(M,K)
with h|L = f ′. The desired section sf : Vf → D0(M,K) of r0 is defined by sf (g) = ηf (g)(ηf (f ′))−1h for
g ∈ Vf . 
Proof of Corollary 4. (1) (i) For any f ∈ cl E⋆K(L,M) we can find Vf and ηf as in Theorem 3. Since Vf ∩
E⋆K(L,M) 6= ∅, by Theorem 3 (1) we have f ∈ Vf ⊂ E
⋆
K(L,M). This means that E
⋆
K(L,M) is clopen.
(ii) For any f ∈ cl Im r0 we can find Vf and ηf as in Theorem 3. Since Vf ∩ Im r0 6= ∅, by Theorem 3 (2) we
have f ∈ Vf ⊂ Im r0. This means that Im r0 is clopen. Since D0(M,K) is connected, so is Im r0, which implies
the conclusion.
(2) (i) The group D(M,L) acts continuously on D(M,K) by the right composition and this action preserves
the fibers of the map r. By Corollary 3 (i) for any f0 ∈ E⋆K(L,M) the map r : D(M,K) → E
⋆
K(L,M) admits
a local section s : U → D(M,K) at f0. Then a D(M,L)-equivariant trivialization φ : r−1(U) → U × D(M,L)
of the map r : r−1(U) → U is obtained by φ(g) = (r(g), s(r(g))−1g). The inverse homeomorphism ψ = φ−1 :
U × D(M,L)→ r−1(U) is given by ψ(f, h) = s(f)h.
(ii) The group D(M,L) ∩ D0(M,K) acts continuously on D0(M,K) by the right composition and this ac-
tion preserves the fibers of the map r0. By (1)(ii) and Corollary 3 (ii) for any f0 ∈ EK(L,M)0 the map
r0 : D0(M,K) → EK(L,M)0 admits a local section s : U → D0(M,K) at f0. Then a
(
D(M,L) ∩ D0(M,K)
)
-
equivariant trivialization φ : r−10 (U) → U ×
(
D(M,L) ∩ D0(M,K)
)
of the map r0 : r
−1
0 (U) → U is obtained by
φ(g) = (r0(g), s(r0(g))
−1g). The inverse homeomorphism ψ = φ−1 : U ×
(
D(M,L) ∩ D0(M,K)
)
→ r−10 (U) is
given by ψ(f, h) = s(f)h.
(3) By (2)(i) the map r has the factorization
D(M,K)
pi
vv♥♥
♥♥
♥♥
♥♥
♥♥
♥♥ r
&&▼
▼▼
▼▼
▼▼
▼▼
▼
D(M,K)/D(M,L)
φ
≈
// E⋆K(L,M),
where the homeomorphism φ is defined by φ(hD(M,L)) = h|L. This implies the assertion (i). Similarly, from
(2)(ii) follows the statement (ii). 
4. Diffeomorphism groups of non-compact manifolds
Suppose M is a non-compact σ-compact smooth n-manifold without boundary. We can represent M as the
countable union M =
⋃
i∈ωMi of compact n-submanifolds Mi, i ∈ ω, of M such that M0 6= ∅ and Mi $ IntMi+1
for all i ∈ ω. Let M−1 = ∅ and consider the n-submanifolds Ki = M \ IntMi, i ∈ ω, of M . Then we obtain the
group G = Dc(M) and the tower Gi = D(M ;Ki), i ∈ ω, of closed subgroups of G. This tower induces the small
box product ⊡i∈ωGi and the left multiplication map p : ⊡i∈ωGi → G.
We shall show that the tower (Gi)i∈ω has the properties listed in Proposition 1 below. Hence, Theorem 1 now
follows from Theorem 2.
Proposition 1. (1) The group G is paracompact, but not metrizable.
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(2) For each i ∈ ω
(i) Gi is a separable l2-manifold,
(ii) Gi is LTC in Gi+1 and
(iii) Gi+1/Gi is a separable l2-manifold.
(3) The left multiplication map p : ⊡i∈ωGi → G admits a local section at the identity idM . Hence, the map
p is an open map.
(4) The group G carries the strong topology with respect to the tower (Gi)i∈ω. Hence G = g-lim−→
Gi.
Let H and Hi, i ∈ ω, denote the identity connected components of G and Gi, i ∈ ω, respectively.
Proposition 2. (1)′ H is an open subgroup of G and the sequence (Hi)i∈ω forms a tower of of closed subgroups
of H.
(2)′ The tower (Hi)i∈ω has the properties (1)− (4) listed in Proposition 1 with respect to the group H.
Proof of Proposition 1. (1) The paracompactness of G is shown in (the proof of) [2, Theorem 6.8] (cf. [2,
Proposition 4.1(2))]. Using the non-compactness of M and the diagonal argument, we can easily show that G is
not first countable. This implies the non-metrizability of G.
(2) (i) Since M \ IntKi = Mi is compact, the group Gi is an infinite-dimensional separable Fre´chet manifold
(Theorem 5).
(ii), (iii) We apply Corollary 4 (3)(i) to Ki+1 ⊂ Ki to conclude that Gi is LTC in Gi+1 and Gi+1/Gi ≈
E⋆Ki+1(Ki,M). The latter is an infinite-dimensional separable Fre´chet manifold (Theorem 5).
(3), (4) The existence of a local section of the map p follows from [2, Proposition 5.5 (2)] (cf. Proof of [2,
Theorem 6.8]), which treats a general pair of a transformation group and the subgroup of those with compact
support endowed with a Whitney-like topology. Since its full-generality seems to prevent from understanding the
essence for our purpose here, we include below a short self-contained proof specified to the case of G = Dc(M).
The remaining assertions in the statements (3), (4) follow from Remark 1.
Below we use the following notations: For a subset K of M let GK = Dc(M,K) and G(K) = Dc(M,M −K).
Then Gi = GKi = G(Mi). Let
Fi =M2i − IntM2i−1 and Li =M2i+1 − IntM2i (i ∈ ω).
There exists a sequence (Ni)i∈ω of compact n-submanifolds ofM such that Li ⊂ intMNi, Ni ⊂ intMM2i+2\M2i−1
and Ni ∩Nj = ∅. Then
F = (Fi)i∈ω , L = (Li)i∈ω and N = (Ni)i∈ω
are discrete families of compact n-submanifolds of M . Let F =
⋃
i∈ω Fi, L =
⋃
i∈ω Li and N =
⋃
i∈ω Ni. We
have M = F ∪ L and GL = G(F ).
(i) First consider the map λF : ⊡i∈ωG(Fi)→ G(F ) defined by
λF (h0, h1, · · · , hm, idM , · · · ) = h0h1h2 · · ·hm.
The map λF is an open embedding. In fact, since F = (Fi)i∈ω is discrete, the map λF has the natural extension
λ˜F : i∈ωG(Fi)→ D(M ;M − F ) defined by
λ˜F ((hi)i∈ω)|M\F = id and λ˜F ((hi)i∈ω)|Fj = hj |Fj for j ∈ ω.
Due to the definition of the Whitney C∞-topology, it is seen that λ˜F is an open embedding. Since λ˜
−1
F (G(F )) =
⊡i∈ωG(Fi), the map λF is also an open embedding. The map λN : ⊡i∈ωG(Ni)→ G(N) is defined similarly.
(ii) Next we show that the map
θ : ⊡i∈ωG(Ni)×G(F ) −→ G : θ((gi)i∈ω, h) = λN ((gi)i∈ω)h
has a local section at idM . For each i ∈ ω, applying Theorem 4 to C =M− IntNi, we find an open neighborhood
Vi of the inclusion iLi in E
⋆(Li,M) and a map si : Vi → G(Ni) such that si(f)|Li = f for each f ∈ Vi and
si(iLi) = idM . The maps si, i ∈ ω, determine the map
s = ⊡i∈ωsi : ⊡i∈ωVi −→ ⊡i∈ωG(Ni) : s((fi)i∈ω) = (si(fi))i∈ω .
7Consider the map
rL : G −→ ⊡i∈ωE
⋆(Li,M) : rL(g) = (g|Li)i∈ω.
The continuity of this map also relies on the definition of the Whitney C∞-topology. The inverse image V =
r−1L (⊡i∈ωVi) is an open neighborhood of idM in G and we obtain the composition
η = λN s rL : V → G(N).
Note that η(g)−1g ∈ GL = G(F ) for each g ∈ V , since
η(g) = λN s(g|Li)i = λN (si(g|Li))i and η(g)|Li = si(g|Li)|Li = g|Li.
The desired local section of θ at idM is defined by
σ0 : V −→ ⊡i∈ωG(Ni)×G(F ) : σ0(g) = (srL(g), η(g)
−1g).
In fact, for any g ∈ V it follows that
θσ0(g) = θ(srL(g), η(g)
−1g) = λN srL(g)η(g)
−1g = η(g)η(g)−1g = g.
(iii) Consider the map
ρ = θ(id × λF ) : ⊡i∈ωG(Ni)×⊡i∈ωG(Fi) −→ G : ρ((gi)i∈ω , (hi)i∈ω) = λN ((gi)i∈ω)λF ((hi)i∈ω).
Since λF is an open embedding, the image W = ⊡i∈ωG(Ni) × ImλF is an open neighborhood of σ0(idM ) =
((idM )i∈ω, idM ) in ⊡i∈ωG(Ni) × GL. Hence, if we replace V by a smaller one U , then σ0(U) ⊂ W and a local
section of ρ on U is defined by
σ = (id× λ−1F )σ0 : U −→ ⊡i∈ωG(Ni)×⊡i∈ωG(Fi).
For each h ∈ U the image σ(h) = ((fi)i∈ω , (gi)i∈ω) has the following properties:
(a) fi ∈ G(Ni) ⊂ G(M2i+1) and gi ∈ G(Fi) ⊂ G(M2i+1) ⊂ G(M2i+2) for each i ∈ ω.
(b) gifj = fjgi for j ≥ i+ 1 since Fi ∩Nj = ∅.
(c) h = ρσ(h) = ρ((fi)i∈ω , (gi)i∈ω) = λN ((fi)i∈ω)λF ((gi)i∈ω) = (f0f1f2 · · · )(g0g1g2 · · · ) = f0g0f1g1f2g2 · · · .
(d) (idM , f0, g0, f1, g1, f2, g2, . . . ) ∈ ⊡i∈ωG(Mi) and h = p
(
idM , f0, g0, f1, g1, f2, g2, . . .
)
.
Finally the required local section at idM of the map p : ⊡i∈ωGi → G is defined by
γ : U → ⊡i∈ωGi : γ(h) =
(
idM , f0, g0, f1, g1, f2, g2, . . .
)
.
This completes the proof. 
Proof of Proposition 2. (1)′ Since Hi is a connected closed subgroup of G and Hi ⊂ Hi+1 for each i ∈ ω, the
union H ′ = ∪i∈ωHi is a connected subgroup of G. Since Hi is open in Gi for each i ∈ ω, by Proposition 1 (4)
the subgroup H ′ is open (and closed) in G and hence H = H ′.
(2)′ The properties (1)− (4) in Proposition 1 are verified as follows:
(1) Since G is paracompact, so is the closed subspace H . Since G is not first countable, the open subspace H
is not first countable.
(2) (i) Since Gi an l2-manifold, so is the open subgroup Hi.
(ii) (iii) We apply Corollary 4 (3)(ii) to Ki+1 ⊂ Ki to conclude that Gi∩Hi+1 is LTC in Hi+1 and Hi+1/(Gi∩
Hi+1) ≈ EKi+1(Ki,M)0, which is an l2-manifold by Theorem 5. Since Hi is an open subgroup of Gi ∩Hi+1, the
quotient space (Gi ∩Hi+1)/Hi is a discrete space and hence Hi is LTC in Gi ∩Hi+1. Hence from Lemma 1 (2) it
follows that Hi is also LTC in Hi+1. By Lemma 1 (3) the projection Hi+1/Hi → Hi+1/(Gi ∩Hi+1) is a locally
trivial bundle with the discrete fiber (Gi ∩ Hi+1)/Hi. Since Hi+1/(Gi ∩ Hi+1) is an l2-manifold, Hi+1/Hi is
locally homeomorphic to l2. Since Hi+1/Hi is metrizable by Lemma 1 (1), we conclude that Hi+1/Hi is also an
l2-manifold.
(3) (4) Since each Hi is an open subgroup of Gi, the small box ⊡i∈ωHi is an open neighborhood of (idM )i∈ω
in ⊡i∈ωGi. Thus any local section σ of the map p : ⊡i∈ωGi → G at idM with σ(idM ) = (idM )i∈ω restricts to
that of the left multiplication map p : ⊡i∈ωHi → H . The remaining assertions follow from Remark 1. 
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For the proof of Corollary 2 we need a preliminary. For any pairs of spaces (X,A) and (Y,B) denote by
[X,A;Y,B] the set of homotopy classes [g] of maps of pairs g : (X,A)→ (Y,B). Any map of pairs f : (Y,B)→
(Z,C) induces a function
f# : [X,A;Y,B]→ [X,A;Z,C], f# : [g] 7→ [fg].
Suppose L is a compact space and K is a closed subset of L. The inclusion maps Hi ⊂ Hi+1 and Hi ⊂ H
(i ∈ ω) induce the associated functions between pointed sets:
[L,K;Hi, idM ] //
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
[L,K;Hi+1, idM ]
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
[L,K;H, idM ]
Taking the direct limit, we obtain a function between pointed sets
ι : lim
−→
[L,K;Hi, idM ] −→ [L,K;H, idM ].
Since any compact subset of H is included in some Hi, we have the following conclusion.
Lemma 2. For any pair of compact spaces (L,K) the inclusion induced function
ι : lim
−→
[L,K;Hi, idM ] −→ [L,K;H, idM ]
is a bijection.
For m ∈ ω ∪ {∞}, a map f : X → Y between path-connected spaces is called an m-equivalence if for some
base point x ∈ X , the induced homomorphism on the k-th homotopy group
f# : pik(X, x)→ pik(Y, f(x))
is an isomorphism for all k < m and an epimorphism for k = m. An∞-equivalence is called a weak equivalence. If
both X and Y have the homotopy type of CW-complexes, then every weak equivalence is a homotopy equivalence.
Note that the groups H and Hi (i ∈ ω) are path-connected and have the homotopy type of CW-complexes.
Corollary 5. Let m ∈ ω ∪ {∞}. If each inclusion Hi ⊂ Hi+1 is an m-equivalence, then so is the inclusion
H1 ⊂ H. For example, if each Hi is contractible, then so is H and hence H ≈ l2 × R∞.
Proof of Corollary 2. We keep the notations Mi, Ki, Hi, i ∈ ω, and H .
(1), (2) Since M is connected, we may assume that for each i ∈ ω (a) Mi is connected and (b) each connected
component of Ki = M \ IntMi is non-compact. By Corollary 5 it suffices to show that each Hi is contractible.
Note that the restriction map Hi → D0(Mi, ∂Mi) : h 7→ h|Mi is a homotopy equivalence.
For n = 1, 2 the assertion follows from [9], [18, Section 2.7], [22], [24], etc. In the case n = 3, if Mi is a 3-ball,
then D0(Mi, ∂Mi) is contractible by the Smale conjecture [12, Appendix (1)]. If Mi is not a 3-ball, then by the
assumption, Mi is an orientable Haken 3-manifold with boundary [14, 25] and D0(Mi, ∂Mi) is contractible by
[11], [16], [17].
(3) Take a collar ∂N × [0, 1] of ∂N = ∂N × {0} in N and let Mi = N \ (∂N × [0, 1/(i + 1))) and Ki =
M \ IntMi = ∂N × (0, 1/(i+1)] for i ∈ ω. First we show that the inclusion Hi ⊂ Hi+1 is a homotopy equivalence
for each i ∈ ω. The space EKi+1(Ki,M) is contractible since it is the space of embeddings of the collar Ki
relative to Ki+1. In particular, EKi+1(Ki,M) = EKi+1(Ki,M)0 and by Corollary 4 (2)(ii) the restriction map
r : Hi+1 → EKi+1(Ki,M) is a fiber bundle with fiber Hi+1∩Gi. Since the base space EKi+1(Ki,M) is contractible
and paracompact, this bundle is trivial and there exists a fiber preserving homeomorphism
φ : Hi+1 −→ EKi+1(Ki,M)× (Hi+1 ∩Gi).
Since Hi+1 is connected, we have Hi = Hi+1 ∩ Gi. Since φ is fiber preserving, we have the homeomorphism of
pairs
φ : (Hi+1, Hi) −→ (EKi+1(Ki,M), {iki})×Hi.
9Since EKi+1(Ki,M) is contractible, the inclusion {iki}×Hi ⊂ EKi+1(Ki,M)×Hi is a homotopy equivalence and
so is the inclusion Hi ⊂ Hi+1.
From Corollary 5 it follows that H ≃ H1 ≃ D0(M1; ∂M1) ≈ D0(N ; ∂N). Since the last one is an l2-manifold,
we have H ≈ D0(N ; ∂N)× R∞ by Corollary 1. 
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